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Abstract 

We find expHcit expression for the one-loop four-graviton ampfitude in eleven- dimensional 
supergravity compactified on a circle. Represented in terms of the string coupling (propor- 
tional to the compactification radius) it takes the form of an infinite sum of perturbative 
string loop corrections. We also compute the amplitude in the case of compactification on 
a 2-torus, which is given by an SL{2, Z) invariant expansion in powers of the torus area. 
We discuss the structure of quantum corrections in eleven-dimensional theory and their 
relation to string theory. 
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1. Introduction 

Recent suggestions indicate that D = 11 supergravity is a low-energy effective field 
theory of a more fundamental M-theory (for reviews see [^^,|^). One expects that 
various properties of ten-dimensional string theories may be understood from eleven- 
dimensional perspective. 

Most of known relations between type IIA string theory and M-theory, viewed as its 
strong-coupling limit, are restricted to BPS states. A surprising recent observation is 
that the tree- lev el type II string correction ({3)a'^7l'^ [0,^] can be interpreted as originating 
from a one-loop D = 11 supergravity contribution. Our aim below will be to compute the 
one-loop four-graviton amplitude in D = 11 supergravity compactified on a circle and to 
demonstrate that it has the structure of an infinite sum of perturbative higher-loop string 
corrections. This suggests that the one-loop quantum D = 11 theory (with a proper UV 
cutoff implied by string theory) may contain information about certain string corrections 
to all orders in string coupling. 

The reason why the D = 11 amplitude has this form may be understood as follows. 
The one- loop contribution to the effective action of D = 11 supergravity compactified on 
a circle of radius -Rn can be represented as the one-loop correction in type IIA D = 10 
supergravity plus an infinite sum of one-loop contributions of massive Kaluza-Klein modes 
(0-brane supermultiplets) . That sum may be represented as a local series using inverse 
mass expansion, ^ M~'^^Cn- Since the masses of Kaluza-Klein modes are proportional to 
inverse string coupling 0, M ~ R^^ ^ 97^^ contribution of Kaluza-Klein modes has 
the structure of a sum of perturbative higher- loop closed string corrections, J2n dl^^'n- 
This suggests that some perturbative string theory results may be reproduced in the 'dual' 
formulation of the theory, in which certain solitons (0-branes) play a central role. 

The scattering amplitude computed below corresponds to external gravitons with van- 
ishing values of the 11-th component of momentum pn. Using D = 11 Lorentz invariance 
it is, in principle, straightforward to generalise the final expression for the amplitude to 
the case when external momenta are arbitrary, subject only to the zero-mass on-shell con- 
dition m. D = 11. The resulting amplitude with pn = fixed may then be interpreted as a 
one-loop correction to the scattering of 0-branes in D = 10 and may be of interest from 
the point of view of testing Matrix theory . In particular, one should be able to analise 
the one- loop D = 11 supergravity contribution to the phase shift, which was previously 
obtained only in a semiclassical (eikonal) approximation (see and refs. there). 

In Section 2 we shall make some general remarks on cutoff dependence of the D = 11 
supergravity effective action, suggesting that certain curvature invariants should play a 
special role in both D = 11 and D = 10 theories. The one-loop four-graviton amplitude in 
D = 11 supergravity on a circle will be computed explicitly in Section 3.1. The amplitude 
in the supergravity compactified on a 2-torus will be found in Section 3.2. In Section 4 
we shall discuss possible relation of these amplitudes to perturbative and non-perturbative 
contributions in string theory. 
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2. Higher order corrections in D = 11 theory and their relation to string theory 

Let us start with some comments on the structure of higher-loop terms in low-energy 
D = 11 supergravity effective action and their relation to string theory. We shall consider 
the D = 11 theory compactified on a circle of radius Ru with the action 



1 



2^11 



d^^xy/^ n + ... , = 167r^/?i , (2.1) 



where In is the D = 11 Planck scale. The two parameters of the compactified D — 11 
theory Rn and ku are related to the string scale ho = \/a' and the string coupling Qs 
(defined as a ratio of the fundamental string and D-string tensions ||1 1|| ) by 



lu = {2ng,y/^^/^ , Rn=9sy^, t^j^ = = Mn' g^,a'\ (2.2) 

ZirKii 



If, 2 2nRl 



The D = 11 supergravity is UV divergent, so one needs to introduce a cutoff An. Since 
the D = 11 and D = 10 supergravities are related by dimensional reduction, An should 
be proportional to a cutoff Aio in type IIA D = 10 supergravity. The two cutoffs may be 
related, e.g., by comparing the divergent terms in the one-loop effective actions in L> = 11 
and D = 10 supergravities. The D = 10 supergravity is a low-energy limit of type IIA 
string theory, so its effective cutoff is Aio ~ Expressed in terms of the (proper-time) 
cutoff Aio, the cutoff An is given by 

RiiAl, = aAlo , = ^ , (2-3) 

where a is a numerical constant. Eq. (|2.2|) implies that 

An = a^/^Z-i ~ /^-^/^ , (2.4) 

i.e. that An depends only on kh and not on -Rn. This has a natural 'membrane-theory' 
interpretation: just as the D = 10 cutoff Aio is proportional to the square root of the 
string tension Ti = = „ \ , the D = 11 cutoff An is proportional to the cubic root 
of the membrane tension 

An = (27raT2)i/3 , T2 = = ^ , ^ . (2.5) 

The general structure of the cutoff-dependent part of the effective action of = 11 
supergravity at the L-loop level is 



K 



2(L-1) 
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5^A^i(lnAii)^y" d^^x^TT' , (2.6) 
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where TZ'^ stands for all possible scalars built out of curvature and its covariant derivatives 
which have length dimension — 2m.lil On dimensional grounds, 



n + 2m = 9(L - 1) + 11 . 



(2.7) 



Note that purely logarithmic divergences [n = 0) may appear only at even loop orders and 
have m = 10, 19, .... 

At the one-loop order, the leading 71^ (m = 0, 1, 2, 3) divergences cancel out [p^ , 

that 

^loo oc / d^'xV^ Afl7^^ . (2. 



so 



The presence of the cubic TZ"^ divergence in D = 11 supergravity is implied \T^] by the pres- 
ence of quadratic 7?.^ divergence in the D = 10 supergravity, which, in turn, can be found 



as the a' — > limit [|T5| , p!6[] of the one- loop string-theory contribution ^ J d}^x^—gTZ^ 

mm- 

Eq. (|2.8| ) may, in principle, contain also a linear divergence An?^^ which would corre- 
spond to the logarithmic divergence m. D — 10 supergravity or to a finite one-loop term 
Inct' TZ^ in the string theory effective action. Such terms should be built out of five 
powers of the curvature: terms like V^TZ'^ are absent since the string theory /oitr-graviton 
amplitude does not contain the corresponding (momentum) term ||T6[ . 

An uncompactified D = 11 M-theory (having D = 11 supergravity as its low-energy 
approximation) is suggested to be a strong-coupling limit of type IIA string theory 0. 
Let us suppose that there are special terms f{gs)1Z'^ in the string theory effective action 
which do not receive corrections beyond certain order L in string loop expansion. Then 
their coefficients will have simple power-like (or 'perturbative') dependence on Qs in the 
limit of Qs ^ 1, i.e. f{gs) ~ gl^^ ■ Such terms must then have a natural D = 11 theory 
interpretation. Using this logic, one may be able to obtain certain constraints on possible 
terms in the effective action of M-theory. As we will argue below, such special terms in the 
string-theory action may correspond to covariant TZ'^ terms in the uncompactified D = 11 
theory only if m = 3/c -|- 1, /c = 0, 1, 2, .... 

Using 



.2 

ni 



9! 



Ru 



All 



9, 



-1/3 



and dsfi = dxfi + g^^dx'^dx'^ one finds 



K 



2(L-1) 
11 



A^i / d''x^ W 



9. 



§(m-4) 



^ We shall ignore terms depending on 3- form field C3 and gravitino. The structure of terms 
depending on C3 is restricted by the invariance of the supergravity action under C3 — > 
-Cs, t^-t [||. 
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In the last relation we have used ( |2.7| ). The condition ^(m — 4) = /c — 1 where k is an 
integer (effective loop order in string theory) impliesi 

m = 3k + l, n = 9L-6k, /c = 0, 1, 2, ... . (2.9) 

Thus the terms in the D = 11 action related to the special string-theory terms with 
coefficients which have 'perturbative' dependence on Qs ^ 1 are 

^9L-6k f rfll^y3^7^3fc+l ^ i6k-9 f ^H^^ ^ ^2.10) 



where we have used 

One may arrive at the same restriction on powers of curvature invariants in the D = 11 
theory (i.e. m = 1,4, 7, 10, ...) by an independent argument. In general, local perturbative 
contributions to the string-theory effective action are given by series of terms in expansion 
in string coupling and inverse string tension, X] ^lo^ ^^^i"" / d^^x^—glZ^ , where on di- 
mensional grounds, m = 2(L — l)+n+5. The natural parameter in M-theory has dimension 
(length) which may be interpreted as the membrane tension T2. If we assume that the 
M-theory effective action should similarly contain only terms which may appear in expan- 
sion in integer powers of inverse membrane tension, then the only possible curvature invari- 
ants wiU be those given in eq. ( pTO| ). Indeed, T-"" j (f^x^^W^ ~ /^^ / (f^x^^TC^, 
so that 2m = 3n -|- 11. Since m is a positive integer, n must be an odd number of the form 
n = 2/c — 3, /c = 0, 1, 2, and hence m = 3/c -f 1. 

To summarise, a term f{gs)'T^^^^^ in type IIA superstring theory corresponds to a 
covariant term in the eleven-dimensional Lagrangian only if it scales like g1^~'^ in the limit 
^ 1. Although it is not excluded that the sum of an infinite number of string loop 
corrections may behave like g1^~'^ at strong coupling, the non-renormalization of the TZ^^^^ 
terms seems a natural generalization of the suggestion about the non-renormalisation of 



^ The same condition is found by demanding that the dilaton dependence of the \J—gRJ^ term 
after the reduction to D = 10 should be e^^'^^^''^. Indeed, relating the D = 11 metric to the 
D = 10 string-frame metric by ds\x = e'^'^^'^dxii + e^^'^^^dsiQ we find that {\/—g TZ"^)ii reduces 
to e^('""'^^'^/^(v^ 7^'")lo so that the required condition is m - 4 = 3(A; - 1) or m = 3A; + 1. 

^ Let us note that supersymmetry may also impose certain constraints on possible TZ^ cur- 
vature invariants. The 7Z"^ invariants that originate from the full (on-shell) superspace integral 
|l|,|2|, / d^^e V^P W"", W ~ e^n + ..., have m = 16 + p (combined with with n = 0, 



this gives further restriction on possible purely- logarithmic counterterms: m + p = 9L — 14 [^). 
This condition includes m = 3A; + 1 > 16 for p = 3k — 15. The terms with m = 3A; + 1 < 16 
(i.e. 7?.^, 7?.^, etc.) should correspond to super-invariants constructed as integrals over parts of 
superspace. 
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71'^ term made in ||6,21| to the case of A; > 1. Thus we conjecture that aU 7^'^'^+^ terms 



should not receive contributions beyond the k-th loop order in type IIA string perturbation 
theory .@ 

At the same time, contributions to TZ^^^^ terms at lower loop orders in string per- 
turbation theory are not excluded (as they will be subleading in the Qs ^ oo limit). 
Their D = 11 origin should be in the finite 'Casimir-type' -Rfi" terms, which accompany 
A^j^ -terms when the D = 11 eflPective action is computed in the space with one circular di- 
mension. For example, the one-loop A^-^TZ'^ term in the case of finite radius Ru is replaced 
by (Af^ + ciR^^)n'^ §. In general,! 



where we have used (|2.7| ). Remarkably, if m = 3L + 1 as in ( |2.9| ),( [2TT0D , then q = —1 



i.e. we conclude that the term ^''(^ii / d^^Xy/^TZ'^ in the D = 11 effective 

action corresponds to a sum of L-loop and tree-level 7l^^~^^ terms in the D = 10 string 
theory effective action. For example, like the one-loop D = 11 terms (Af^^ -|- cii?J~j^)7?.^, 
which correspond to a sum of one-loop and tree-level terms in D = 10 @], the two-loop 
terms Kii{Aii -|- C2-R^i^)7?.^ should correspond to a sum of two-loop i^TZ'^) and tree-level 
(^7^^) terms in string theory. 



One-loop four-graviton amplitude in D = 11 supergravity 

Deriving the one-loop four-graviton amplitude directly from the component formu- 



lation of D 



11 supergravity would be quite complicated. Fortunately, there is a 

10 closed superstring 



short-cut way using the known expression [|T^ for the one-loop D 
4-point amplitude. It was shown in |]TH] that the one-loop graviton scattering amplitude 
in D < 8 maximal supergravities can be obtained as a limit {a' — > 0, ^ 0, =fixed) 
of the amplitude of D = 10 string theory compactified on a torus. To find the amplitude 
in D = 10 type II supergravity theory one should take a' — limit treating 1/a' as a 



proper-time UV cutoff [T^]. The resulting expression is formally the same as for D < 8 
|T^ (where the a' — limit is regular), but it still depends on a' via the cutoff (and it is 
quadratically divergent for a' — ^ 0). 



The existence of terms in uncompactified type II string theory action which receive corrections 



only at one specific loop order was conjectured in [22|. Examples of such terms are known in the 
case of A^ = 2, D = 4 supersymmetric compactifications of type II string theory [23,p4|. 



It may seem that in the compactified case one should have — > +ai ■ 

A n~k 



■ + ...+ar. 



However, the presence of 



^11 



terms is ruled out on the grounds of locality of UV divergences. 
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According to Wb 



n ox D-IO 2 

AD) _ I 2tiR\ Kfo 



oo 



^ njy dr T— F{s,t]T) . (3.1) 

Here and in what follows we omit the standard kinematic factor K ~ (momentum)^ in the 
expressions for the four-graviton amplitude and ignore the overall normalization coefficient. 
In eq. Q = {27cR)^-^^kIo, ^ = «'^2, and 

F{s, t;r) = J [dp] e-"^^(^'*'^) , (3.2) 

[dp] e-^^(*'*'/') = / dp2, I dp2 I dpi e"^^'^^'''*''') + 5 terms that symmetrise s, t, u 
Jo Jo Jo 

M(s,t]p) = spip2 + tp3P2 + upips + t{pi-p2), s + t + u = 0. (3.3) 

The dependence on the cutoff a' — disappears in D < 8 (where maximal supergravities 
are one-loop finite), but remains in D = 10 

A^^^^ = kIo — F(s, t; r) ~ A?o + finite part . (3.4) 

J £10 

Here r = a'T2 = related to the standard proper-time parameter t so that the effective 
proper-time cutoff is Aio = = — r . 

V27i-ei() V27ra' 

3.1. D = 11 supergravity compactified on a circle 

As follows from the string-theory derivation in [|15[ (and is obvious from the proper- 
time integral representation of (|3.4| )) the amplitude in the case of = 10 supergravity 
compactified on a circle is given essentially by the D = 9 supergravity expression ( |3.1| ) with 

^ 

only one modification: the factor of the sum over the Kaluza-Klein modes e ^lo 
should be introduced under the integral over r. 

Being a consequence of the underlying supersymmetry, the same correspondence pat- 
tern applies to the 4-point amplitudes of any pair of maximal supergravities obtained by 
dimensional reduction, irrespective of their dimension and relation to string theory. The 
four-graviton amplitude in D = 11 supergravity compactified on a circle (with all external 
particles having ten-dimensional polarisations and pn = 0) is thus given by eq. (|3.4| ) with 
an extra Kaluza-Klein factor, i.e. 

4''^ =«?i(27ri?ii)-^A4(s,t) , (3.5) 
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A^{s,t)= / ^e^F(.,t;r), en = An' , (3.6) 

m=-oo "^'^11 



where F is defined in ( |3.2D . Because of tlie sum over tlie Kaluza-KIein modes, tlie r-integral 
liere lias a stronger (cubic instead of quadratic, cf. ( p.4]) ) divergence, as appropriate to the 
D = 11 theory. 

The resulting amplitude ( |3.6D is in agreement with the general expression for the D = 
11 supergravity four-graviton amplitude suggested (on the basis of a somewhat different 
reasoning) in Our aim below will be to study the structure of this amplitude, going 
beyond the leading (momentum)^ terms considered in [^. 

The integrand in the amplitude eq. (|3.6|) can be expanded in powers of M 



poo 7 _ TTTTn^ p OO /'_1^fc 



m= — oo ^11 " fc=0 

Let us separate the first {k = 0) term ^4^'' in the expansion. 



m= — oo 



The term A^^^ was considered in . Performing first the Poisson resummation, one obtains 
= Rii Y / e-™'«?i^ , f^r-' . (3.9) 

10= — 00 

Splitting the sum in ( ^.91 ) into the w = and w 7^ parts 

^ + , (3.10) 
we find that A^^^ is finite, while A^^^'' is the UV divergent contribution 

At'^ = R^^ f'"^ dr fV^ = \R,,e-^'' = ^R.^Al, . (3.11) 
Jo 6 6 

Thus finally 



4^) = |i?nA?i + ^ . (3.12) 



The cutoff-independent part 4^'' ( p.8|) can be written as A^^\s,t) = A^^^\s,t) + 
A^^\s,t), with ^4'^'^'' representing the m = contribution to the sum in ( |3.7[ ), i.e. 

4b0)(,,t) = y'[rfp]^°°^[e--M(M)_i + ^M(.,t)] , (3.13) 



if)(.,t) = 2/[dp]$: Tie 



m=l 



k=2 



k\ 



(3.14) 



In the last expression (|3.14 ) we have omitted the term hnear in M, which drops out after 
integrating over p and symmetrising in s, t, u since s-\-t-\-u = 0. This reflects the absence of 
logarithmic divergences in the 4-point amplitude in L> = 10 supergravity [^. To compute 
A^^^\s,t) in ( |3.13| ) we flrst regularise it by integrating r from to tq and then take the 
limit To — oo. As a result, 



lim 

TQ^OO 



j [dp] To"^ (1 - e-"»^) + (7 - 1 + In ro)M(s, t) 



+ M(s, t) / _e--^-f(^'*) + M(s, t) lnM(s, t) 



1-L{s,t) 



whereli 



n{s,t) = J [dp] M{s,t-p)\nM{s,t-p) = sn{^) 



(3.15) 



(3.16) 



and we used again that terms linear in M disappear after symmetrisation in s,t,u. The 
integration over r in ( p.l4|) then gives 



m=l 



m 



2-2k 



Rlt^Hk{s,t) =J2ckRlt^Hk{s,t) . (3.17) 



k=2 ^ ' m=l k=2 

Here the coefficients Ck are proportional to values of the Riemann ^-function 

2(-l)'= 



Cfc 



C(2A;-2) 



and 



n''-^k{k - 1) 
Hk{s,t) = j[dp] M\s,t-p) = s^Hk{j) 



(3.18) 



(3.19) 



where is a polynomial of order k. The integral similar to ( 3.19 ) appeared in |15], where 
it was put into the form 



Hk{s,t) = bk[lk{s,t) + Ik{t, s) + Ik{s,u) + Ik{u, s) + Ik{t,u) + Ik{u,t)] , (3.20) 

v^r(A; + l) 



bk 



22fc+2r(A; + 5/2) 



^ The integral over p in 7i{s, t) can be performed explicitly, giving a combination of logarithmic 
and poly logarithmic functions. 
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For integer k > the function /fc reduces to a polynomial plus some combination of 
logarithmic functions. The latter cancel out in the symmetric combination Hk{s,t) in eq. 
( ^■2U| ). One is left with a homogeneous polynomial of degree k in the variables s,t,u (this 



follows also from direct computation of the integrals in eq. ( |3.19| ) after expanding the 
binomial) . 

Combining the above expressions (|3.12|) , ( |3.15| ), ( |3.17|) , we find 



oo 



A,is,t) = UiiAl, + ^ + snn+J2ckRl'l-'s'M7) ■ (3-22) 

ii 1,-9 



In the case when all 11 dimensions are non-compact, the amplitude is given by the same 
universal expression ( |3.1| ) (with D = 11 and 11-dimensional cutoff) 

A'i'^=4,f^F{s,t;r) = .l,[lAl, + Iv^s'/'HsM"-)] , (3.23) 



where -^3/2 is defined as in (|3.19 ). For comparison, the corresponding amplitudes (3J.) in 



uncompactified D = 10 (|3.4|) and D = 9 supergravities have the following explicit form 

(Ag = Aio) 

A[''^ = Kl,[2nAl, + shC-)] , (3.24) 

Af^ = Kl[2V2Ag - 2^^Hi/2{^)] . (3.25) 

Thus the third term in ( |3.22| ) is the finite part of the contribution of the massless D = 10 
supergravity fields. 

3.2. D = 11 supergravity compactified on 2-torus 

In the case of compactification on T^, one has (cf. (|3.5|) , (|3.6|) ) 

= «n(47r2i?ioi?ii)-'A4T(s,t) , (3.26) 

A4T(«,t)= E / ^^F(.,t;r) . (3.27) 

m,n= — 00 ^11 

As in the circle case, we expand the exponential e~'^^^ in F (|3.2| ) in powers of M and 
separate the k = term as in ( |3.8| ), 



A4T(«,t) = 4? + 4?(«,^), 4^= E / ^72^ ^^ (3.28) 



m,,n= — 00 



The constant part is the one considered in 0, and it can be computed by Poisson 
resumming in both m and n and integrating over r, 

4'^ = |VA?, + . (3.29) 

where 

V = RioRii , n^n2 = -^ ■ (3.30) 
All is the same cutoff as in ( |3.11|) and Er{0,) is the generaUsed Eisenstein series, 

where the notation {p,q)' means that p and q are relatively prime. As in |2^], one can 
show that for large O 

Er{n) = + 7^0^-^ + 0(e-2^") , (3.32) 

^ v/^r(r-l/2) C(2r-1) 
r(r) C(2r) 

To calculate (s, t) in (|3.28| ) we decompose it as A^^ (■§, t) = ^4^''' {s,t)+ A^^ (s, t) , with 
A^^^ representing the (m, n) = (0, 0) contribution, 

4!?)(.,t) = I [rfp] J^^ [e-^(^-*) - 1 + rM{s,t) 

= -20F y" [dp] M'/\s,t) = -2v^i7i/2(s,t) = -2v^si/2i?i/2(^) . (3.33) 
For the remaining part A^^ we have (cf. ( |3.17| )) 

(m,n)/(0,0) A;=2 

= E^Sy^5:.(f.a"^"^.M,, (3.3. 



k=2 {m,n)^0 



or, equivalently (cf. (|3.17| )) 



4?(«,i) = E^^ E (/0 + Q^0-i)^/'-'=V'=-^/2if.(.,t), (3.35) 

fc=2 (p,g)' 

2(-l)'= r(A;- 1/2) , 
10 



The total amplitude A4t(s, t) = + A^^^ + A^^ in the 2-torus case is thus (cf. ( p.22|) ) 

AMs,t} - -VAn + ^^y^y^ 

oo 

- 2V^s'/'H,/,C-) + Y,dkEk-i/2m V'-'/'s'HkC-) . (3.36) 

k=2 

Written in this form the amplitude is given by an 5'L(2, Z) invariant expansion in powers 
of the torus area ~ V. 

In eqs. ( |3.22| ) and ( |3.36| ) the functions -fffc(f) with k = 2,3,... are polynomials of 
degree k, and thus correspond to local higher derivative terms in the one-loop effective 
action (these are the contributions of the massive Kaluza-Klein modes). The non-local 
[D = 10 massless mode) contributions originate from the Ti. term in the circle amplitude 
case ( p.22|) or from H1/2 term in the torus amplitude case ( |3.36| ). The latter H1/2 term 



has the meaning of the finite part of the amplitude in D = 9 supergravity ( p.25|) . 



4. Remarks on relation to string theory 



Let us now comment on the structure of the amplitudes (|3.22|) and ( p.36|) , correspond- 



ing to the circular and toroidal compactifications of the D = 11 supergravity, and their 
relation to string theory. Expressing ( |3.22| ) in terms of the string coupling Qs and the string 
scale \/c7 using ( p.2|) ,( ^73|) we find 



A.{s,t) = -^ + ^ + snC-)+f^c,gf-'a''-h'H,{^) . (4.1) 

k=2 

The first two constant terms in this amplitude (multiplied by the kinematic factor) corre- 
spond to the one-loop and tree-level 7^^ terms in the type II string effective action.B That 
the one- loop amplitude in D = 11 supergravity effectively includes [|1 the tree- level ^(3)7^^^ 
term of string theory may look miraculous: while in string theory this term is produced 
by exchanges of massive string modes, in D = 11 expression it originates from the loop of 
the Kaluza-Klein modes which are 0-brane solitons of string theory. This fact is suggesting 



In the notation of |Aii = C = ^, corresponding to a = tt^ in our notation. As 
was argued in Q using the first two terms in the amplitude (3.36) on the 2-torus, this value is 



implied by consistency with string theory (T-duality invariance of one-loop term in type II theories 
compactified on a circle). 
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that the uncompactified type IIA string theory ('dual' to D = 11 theory) may have a 
reformulation in terms of solitonic objects.i 

Let us briefly comment on the explicit structure of the TZ^ terms in the effective 
actions of type IIA and D = 11 theories. In general, one expects the TZ'^ terms in D = 10 
theory to be a linear combination of the D = 10 terms J7i = tstsR'^ and J'2 = |eioeio-R^.0 
J72 is the higher-dimensional extension of the Gauss-Bonnett invariant in 8 dimensions 
(egCg — leio^io)- Its expansion near flat space {gmn = Vmn + ^mn) starts with terms 
and thus its coefficient cannot be determined from consideration of the on-shell 4-graviton 
amplitude only. The sigma-model approach implies that (up to the usual field 



redefinition ambiguities) the tree-level type II string term is Lq ~ C(3) Jo, Jo = J^i + Ji- 
The structure of the kinematic factor in the one-loop type IIA 4-point amplitude with 
transverse polarisations and momenta (tg + |e8)(^8 + \^%) hints that the one-loop iV" 
terms in D = 10 type IIA theory should be proportional to the opposite-sign combination 
Ji - ^^2.0 Combining with the S7^^ term |2|], we get L^a = Ji - J2 + 6ieioS[tri?4 - 
i(tri2^)^]. This can be re-written (using Ji = 24[tgtri?^ — itg(tri?^)^]) as a combination of 
the bosonic parts of the three N = 1 super-invariants ||2^ Is = tgtri?^ — ^eioBtrR'^ , I4 = 
tstvRHrR'^-leioBitrR^)^ and Jo provided h = -12. Then Li^ = - Jq + 48(/3 - i/4).0 
While the coefficients of I3 and I4 are expected not to be renormalised, there is no reason 
for this to be true for the coefficient of Jq and thus of the J'2 term. This may preclude 
one from identifying the D = 11 counterpart of this term as ^enen-R^. 

Returning to the discussion of the amplitude ( [1.1|) , we observe that not only the two 
constant terms but also all momentum- dependent terms in the D = 11 amplitude i \i.l\) have 
'perturbative' dependence on the type IIA string coupling. It appears as if the one-loop 
four-graviton amplitude in D = 11 supergravity represents a sum of certain perturbative 
string corrections, containing contributions of all orders in the string loop expansion. 

It is not clear, however, which regions of the moduli spaces of higher genus Riemann 
surfaces this expression is accounting for. Moreover, while the first two terms in ( |4.1| ) (or 
7^^ terms in the type II string effective action) are expected to be unchanged by both 



The relation between tree-level TZ'^ term in type IIA theory and one-loop 7?.^ term in D = 11 
theory is reminiscent of the relation between tree-level F'^ term in type I theory and one-loop F'^ 



term in heterotic theory |22 



^ We follow the notation of |^ up to the sign change eiocio — > — eioeio due to Minkowski 
signature used here. Thus here Jo = ts^s-R^ + |eioeioi?''. 

This is implied also by the discussion in [p7| . We are grateful to E. Kiritsis for clarifying 
correspondence on the issue of 7?.^ terms. 

Similar observation was made in |21], where, however, the possible presence of was ignored 



and thus to be able to represent Lia as a combination of I3 and I4 a different value 61 = —6 was 
assumed. 
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D = 11 supergravity and type IIA string higher-loop corrections [^,^, this may not be 
true for other s, t-dependent terms in ( |4.1| ). If this is the case, one may be unable to relate 
the D = 10 and D = 11 expressions in a simple way. 

To relate the torus amplitude ( |3.26| ), (|3.36|) to type IIA and type IIB string theories 
compactified on a circle, it is useful to consider the corresponding contribution to the 
effective action of D = 11 supergravity compactified on a 2-torus which may be written in 
the following symbolic form (cf. ( |2.8|) ) 



Si (X d x\f^^ 



;VA?i+7r-iC(3)i?3/2(0)V- 



-1/2 



+ /ll/2(V 



oo 

2^l/2 ^ ^ 
fc=2 



2k 



(4.2) 



One may now relate the D = 11 metric gmn and the torus area (27r)^V and the modulus 
O to the string-frame metrics, couplings and radii of type II string theories compactified 
on a circle.0 In terms of type IIB coupling and compactification radius, O = i^io-R^i^ — 
g'^ , V = i^io-Rii = a'^l"^ g^^^ R^^^ , so that the limit of uncompactified type IIB theory 



corresponds to V — for fixed Q 0. The momentum-dependent terms in (|3.36|) and 
the higher-derivative terms in ( [4.2| ) disappear in this limit (the third non-local term is also 
subleading as it does not scale as Rb, see below). The remaining second term proportional 
to the Eisenstein function E^/2{^) was shown in [25] to contain not only the tree-level 



and one-loop contributions but also the sum of all type IIB D-instanton contributions 
to the TZ'^ term (similar results for type IIB theory compactified to 8 dimensions were 
obtained in [^). The limit of non-compact type IIA theory is Ra oo for fixed gA, i-e. 
Rio = OV — oo for fixed -Rn = (V/0)^/^. In that limit one recovers the amplitude ( ^TT] ) 
of the D = 11 theory compactified on a circle, containing perturbative contributions to all 
orders in string coupling. 

In general, eqs. (|3.36|) and (f4.2| ) appear to be describing a mixture of perturbative 
and non-perturbative contributions in type II string theories compactified on a circle. 
Expressing ( ^?^ ) in terms of type IIB parameters and using the expansion ( |3.32| ) of £"^.(0) 
for large O (O is large for small gs) we find 



S-i oc 



J d\{V^)B RB(^lAl,R-^ + n-'C{3)[g^^ + ^s/2 + 0{e-^)]+hi/2RB\'^^)T 



Here we shall follow pl|,|6[ and use the standard relations 

e-^^^/^{R\dxlo + dsl^), dslA = dsls, Ra = RwR\'i 
qb = e"^^ = RiiR^Q, so that -Rio = g^^^R^^'^^ R\\ = 



OL 



R 



dsli 



2/3p-2/3 

9b Rb ' 



p3/2 
^11 ) 



Id' 



IB, 



Rii(V^)b, etc. 
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+ Y,hk[l + 7.-1/2 gf-' + 0{e-^)] R-'' {V'')b) (7^^)B • (4.3) 

k=2 ' 

The terms proportional to £'/c_i/2(^) thus appear to contain only one- loop and /c-loop 
parts among perturbative contributions. This is a generalisation of the observation of 
||25|,|6| about -E3/2(^^)V~^/^7?.^ term (which contains tree-level and one- loop contributions). 
It seems likely that 0{e ) terms in the expansion of the functions i?fc_i/2(f^) are related 
to non-perturbative type II string theory contributions since they constitute the simplest 
SL{2, Ti) invariant completions of the one-loop and /c-loop terms. 
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